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Abstract
In a series of papers Calogero and Graffi [F. Calogero, S. Graffi, On the quantisation of a nonlinear
Hamiltonian oscillator, Phys. Lett. A 313 (2003) 356–362] and Calogero [F. Calogero, On the quantisation
of two other nonlinear harmonic oscillators, Phys. Lett. A 319 (2003) 240–245; F. Calogero, On the quan-
tisation of yet another two nonlinear harmonic oscillators, J. Nonlinear Math. Phys. 11 (2004) 1–6] treated
the quantisation of several one-degree-of-freedom Hamiltonians containing a parameter, c. Two of these
systems possess the Lie algebra sl(2,R) characteristic of the Ermakov–Pinney problem and are related
to the Hamiltonian of that problem by an autonomous canonical transformation. Calogero found that the
ground-state energy eigenvalues of the corresponding three Schrödinger equations differed when the stan-
dard quantisation procedures were used. We examine three simpler c-isochronous oscillators to determine
if the method of quantisation is responsible for this unexpected result. We propose a quantisation scheme
based on the preservation of the algebraic properties of the Lie point symmetries of the kinetic energy. We
find that this criterion removes the dependence of the ground-state eigenvalue on the parameter c and that
in fact the eigenvalues are the same for the three systems. Similarly for the Ermakov–Pinney problem and
the two derivate models of Calogero we find consistency of ground-state eigenvalues.
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1. Introduction
In a series of papers Calogero and Graffi [1] and Calogero [2,3] discussed the quantisation
of a selection of one-degree-of-freedom Hamiltonians containing a parameter c which plays
no role in the classical motion. However, it does play an important role in the quantised prob-
lem. Moreover it was observed that the spectra obtained for different systems which are related
by a nonlinear canonical transformation differed. Subsequently Leach [4] showed that two of
these c-isochronous systems were characterised by the Lie algebra sl(2,R) and so related to the
Ermakov–Pinney problem [5,6] by means of a point transformation. The two systems consid-
ered by Calogero are related to the Ermakov–Pinney problem, not surprisingly, by a nonlinear
canonical transformation. Leach used the symmetry-based method of Lemmer and Leach [7]
to calculate the wave-functions and eigenvalues of the time-dependent Schrödinger equation.
The ground-state eigenvalues of the Schrödinger equations for the three Hamiltonian systems all
depended upon the parameter c, but the nature of the dependence differed. Since the three Hamil-
tonians are related by an autonomous canonical transformation, the classical values of the three
Hamiltonians are equal and it is more than a little surprising that the values of the ground-state
eigenvalues—and consequently all eigenvalues—should differ.
The three c-isochronous Hamiltonians are
H1 = 12
[
p2
c
+ c
(
1
4
ω2q2 + 4µ
q2
)]
(1)
for the Ermakov–Pinney problem [4],
H2 = 12
[
p2q
c
+ c
(
ω2q + µ
q
)]
(2)
and
H3 = 12
[
p2q3
c
+ c
(
µq + ω
2
q
)]
(3)
for the two problems introduced by Calogero ([3] and [1], respectively). The autonomous canon-
ical transformations relating the three Hamiltonians are
q2 = 14q
2
1p2 =
2p1
q1
, (4)
q3 = 1
q2
p3 = −p2q22 (5)
in which we have used the subscripts 1, 2 and 3 to distinguish the variables for the Hamiltonians
H1, H2 and H3. We note that we have departed somewhat from the notation of Calogero in H2
and H3. In both he has the value of ω to be one. Instead of our µ in (2) he has s [3] which has
the specific values of ±1 and in (3) he has restricted the value to one [1]. Leach [4] showed that
even in the case of the Schrödinger equation for H2 the value of −1 was not permitted since it
was the critical value for the onset of “collapse into the origin” as one finds in the case of the
Ermakov–Pinney problem for µ = −1 [8].
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dent of the parameter c. All possess three Lie point symmetries with the Lie algebra sl(2,R).
The corresponding Schrödinger equations are
2ic
∂u1
∂t
+ ∂
2u1
∂x2
− c2
(
1
4
ω2x2 + 4µ
x2
)
u1 = 0, (6)
2ic
∂u2
∂t
+ x ∂
2u2
∂x2
+ ∂u2
∂x
− c2
(
ω2x + µ
x
)
u2 = 0, (7)
4ic
∂u3
∂t
+ 2x3 ∂
2u3
∂x2
+ 6x2 ∂u3
∂x
+
[
3x − 8c2
(
µx + ω
2
x
)]
u3 = 0, (8)
where again we use the subscripts 1, 2 and 3 to distinguish the three problems. In (7) and (8)
we have followed the quantisation scheme given by Calogero. The three Schrödinger equa-
tions each possess the two generic Lie point symmetries—solutions symmetry and homogeneity
symmetry—and three others constituting the subalgebra sl(2,R). The ground-state eigenvalues
and general eigenvalues are, respectively,
E10 = 12ω
(
1 ± 1
2
α
)
E1n = ω
[
n + 1
2
(
1 ± 1
2
α
)]
,
E20 = 12ω(1 ± 2µc)E2n = ω
[
n + 1
2
(1 ± 2µc)
]
,
E30 = ω
(
1
2
+
√
c2 − 1
2
)
E3n = ω
(
n + 1
2
+
√
c2 − 1
2
)
, (9)
where we continue to use the notation introduced above and make use of the values given for the
three equations in [4], [3] and [1], respectively, adjusted for a general ω and α = √1 + 16c2µ.
The possible negative sign can only be used if α < 2 [4,7].
In this paper we seek to reconcile the differences between the classical Hamiltonian sys-
tems and their corresponding quantal systems. The Hamiltonians for the three problems, i.e.,
the Ermakov–Pinney problem and the two systems introduced by Calogero, classically are
numerically equal since the connecting canonical transformations are autonomous. The three
Hamiltonians described the same problem in different coordinate systems. Classically the de-
scription is identical. One would expect the same to be the case quantally since the description
of a given system should be independent of the coordinates used to make the description. In fact,
we find that this be the case if we insist on the preservation of the Lie point symmetries of the
Schrödinger equation in going from one representation to another.
This preservation is not trivial. The three Hamiltonians above and their corresponding
Schrödinger equations are characterised by the possession of the Lie algebra sl(2,R) (the
Schrödinger equations naturally have additionally the two trivial symmetries of homogeneity
and solution common to linear partial differential equations; we commonly ignore these two
symmetries in making distinctions between different Schrödinger systems). Consequently there
seems to be no difference between the algebras of the three equations and so, one may suspect,
that the quantisations leading to the Schrödinger equations above are acceptable.
We consider the question of consistency from a different viewpoint. If there is a canonical
transformation from one classical Hamiltonian to another, then the quantisation of that transfor-
mation to obtain the appropriate form of the Schrödinger equation should be independent of the
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ans describing simpler but related problems. The advantage of these problems is that classically
they possess more Lie point symmetries than the Ermakov–Pinney problem and its derivatives.
Quite obviously the system corresponding to the Ermakov–Pinney problem is that of the simple
harmonic oscillator. The other two systems are obtained from it, in the Hamiltonian description,
by means of the same canonical transformations given above. We examine the Lie point sym-
metries of the corresponding Schrödinger equations in terms of the quantisation suggested by
Calogero, following traditional methods of quantisation, and find disturbing discrepancies. To
obviate these discrepancies in terms of the symmetries of the Schrödinger equations we propose
a different scheme of quantisation. The effect of this is to maintain the number of Lie point sym-
metries of the three different Schrödinger equations. An additional effect, not surprisingly by
now, is that the ground-state energy eigenvalues are identical. We conclude the paper with some
observations concerning the problems of quantisation.
2. c-Isochronous oscillators and Weyl quantisation
The three c-isochronous Hamiltonians are
H1 = 12
[
p2
c
+ cω2q2
]
, (10)
H2 = 12
[
p2q
c
+ 4cω2q
]
(11)
and
H3 = 12
[
p2q3
c
+ 4cω
2
q
]
(12)
corresponding to the Ermakov–Pinney problem and the two problems introduced by Calogero.
Apart from the introduction of ω one simply puts the parameter µ equal to zero to obtain the
Hamiltonians (10), (11) and (12). (We could without loss of generality set ω = 1. We have chosen
a slightly different scaling to that of Calogero in that we start with the standard form in H1 for
the simple harmonic oscillator when c = 1.)
The Schrödinger equation corresponding to the Hamiltonian, (10), is
2ic
∂u
∂t
+ ∂
2u
∂x2
− c2ω2x2u = 0 (13)
and its nongeneric Lie point symmetries are
Γ11 = i∂t .
Γ12± = e±2iωt
(
∂t ± iωx∂x − i
(
cω2x2 ± 1
2
)
u∂u
)
,
Γ13± = e±iωt (∂x ∓ cωux∂u). (14)
We use the symmetries Γ13± to construct similarity solutions. The associated Lagrange’s system
is
dt = dx = du . (15)
0 1 ∓cωux
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third terms of (15) the other invariant is w = u exp[± 12cωx2]. To obtain acceptable behaviour at
infinity we choose the positive sign in the exponential so that the similarity solution has the form
u = exp
[
−1
2
cωx2
]
f (t). (16)
After we substitute for u in (13) we find that
f˙
f
= 1
2i
, f = e− 12 iωt . (17)
Thus we have the ground-state wave-function
u = exp
[
−1
2
ω
(
it + cx2)
]
(18)
and the action of Γ11 on this produces the ground-state eigenvalue, E0 = 12ω. We note that this
is independent of the value of c.
The Schrödinger equation corresponding to the Hamiltonian (11) according to the Weyl quan-
tisation scheme is
2ic
∂u
∂t
+ x ∂
2u
∂x2
+ ∂u
∂x
− 4c2x2ω2u = 0 (19)
and has the nontrivial Lie point symmetries
Γ21 = i∂t ,
Γ22± = e±2iωt
(
1
2
∂t ± iωx∂x −
(
2icω2x ± 1
2
iω
)
u∂u
)
, (20)
that is, there are only three nontrivial Lie point symmetries compared to the five of (10). In the
absence of the “solution symmetries” we can make use of Γ22+ to construct the ground-state
wave-function. In the same manner as for (10) we find that
u0 = exp
[−(2cx + it)ω] and u1 = log(x exp[2iωt]) exp[−(2cx + it)ω]. (21)
Note that two ground-state wave-functions are obtained. The absence of the “solution symme-
tries” is responsible for this result. Using the symmetries Γ22+, which along with Γ21 constitute
the algebra sl(2,R) we obtained two wave-functions since one of these symmetries produces
new solutions in steps of two from the zeroth state (u0) and the other symmetry from the first
state (u1).
The action of Γ21 on u0 gives E0 = ω.
In the case of the Hamiltonian (12) the Weyl quantisation scheme leads to the Schrödinger
equation
2ic
∂u
∂t
+ x3 ∂
2u
∂x2
+ 3x2 ∂u
∂x
−
(
−3
2
x + 4c2ω2 1
x
)
u = 0. (22)
Again we find that there are only three nontrivial Lie point symmetries, videlicet
Γ31 = i∂t ,
Γ32± = e±2iωt
(
1
∂t ∓ iωx∂x −
(
2icω2
1 ∓ 1 iω
)
u∂u
)
. (23)2 x 2
362 M.C. Nucci et al. / J. Math. Anal. Appl. 319 (2006) 357–368We use Γ32+ and Γ31 to determine that
u0± = exp
[
iωt − 2cω
x
](
x exp[2iωt])−1±i/√2 and E0± = ω(1 ∓ i√2 ). (24)
We observe that the three values of the ground-state energy are different. Perhaps this is not
surprising in view of the disturbing variations in the number of Lie point symmetries from (10)
to (11) and (12), respectively.
We note that the ground-state energy, E0, in (24) is complex. This is not acceptable. The
reason for this complex value is easily understood in terms of the quantisation scheme proposed
in Section 4. Then the potential in (19) corresponds to a potential c2ω2x2 − 9/(4x2) in (13).
A potential of the form µ/x2 is not physical—the well-known ‘collapse into the centre’—for
µ−1/4.
3. The general c-form Hamiltonian system
The general Hamiltonian for a one-degree-of-freedom autonomous system of the usual T +V
structure is
H = 1
2
p2 + V (q) (25)
with Newtonian equation of motion
q¨ + V ′(q) = 0. (26)
The equivalent c-form Hamiltonian is
Hc = 12
p2
c
+ cV (q) (27)
with the same Newtonian equation of motion, (26). The Schrödinger equations for H and Hc are
respectively
2i
∂u
∂t
+ ∂
2u
∂x2
− 2V (x)u = 0, (28)
2ic
∂u
∂t
+ ∂
2u
∂x2
− 2c2V (x)u = 0, (29)
where we have used the standard representation qˆ → x and pˆ → −i∂/∂x.
Under a point transformation of the canonical position given by
q = f (Q) (30)
the requirement of the constancy of the Poisson Bracket gives the transformation of the canonical
momentum as
p = P
f ′(Q)
(31)
up to an arbitrary additive function of Q which we choose to take as zero. Since the canoni-
cal transformation is autonomous, the new Hamiltonians have the same numerical value as the
original Hamiltonians. Their functional expressions respectively are
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P 2
f ′2(Q)
+ V ◦ f (Q), (32)
Hcf = 12
P 2
cf ′2(Q)
+ cV ◦ f (Q) (33)
in what one hopes is an obvious notation.
If one follows the well-known Weyl quantisation scheme as was the case in the papers of
Calogero,2 the momentum operator, P 2/f ′2(Q), becomes
1
f ′2(x)
∂2
∂x2
− 2f
′′(x)
f ′3(x)
∂
∂x
+ 1
2
(
−f
′′′(x)
f ′3(x)
+ 3f
′′2(x)
f ′4(x)
)
(34)
in which we have made the standard replacements Q → x and P → −i∂/∂x. Consequently the
time-dependent Schrödinger equation corresponding to the c-form Hamiltonian (33) is
4ic
∂u
∂t
+ 2
f ′2(x)
∂2u
∂x2
− 4f
′′(x)
f ′3(x)
∂u
∂x
−
(
f ′′′(x)
f ′3(x)
− 3f
′′2(x)
f ′4(x)
)
− 4c2V ◦ f (x)u = 0. (35)
If one was to require that the Schrödinger equation (35) be consistent with (29) which is the same
system except with a different mode of description, one needs to introduce a direct transformation
from (29) to (35). We write the transformation as
t = T , x = f (X), u = h(X)U (36)
in which we have already included the constraint that the transformation be autonomous. The
derivatives transform as
∂u
∂t
= h(X)∂U
∂T
, (37)
∂u
∂x
= 1
f ′
(
h
∂U
∂X
+ h′U
)
, (38)
∂2u
∂x2
= 1
f ′2
(
h
∂2U
∂X2
+ 2h′ ∂U
∂X
+ h′′U
)
− f
′′
f ′3
(
h
∂U
∂X
+ h′U
)
, (39)
so that the transformed version of (29) is
2ic
∂U
∂T
+ 1
f ′2
∂2U
∂X2
+
(
1
f ′2
2h′
h
− f
′′
f ′3
)
∂U
∂X
+
(
1
f ′2
h′′
h
− f
′′
f ′3
h′
h
− 2c2V ◦ f
)
U = 0.
(40)
The conventions of Physics—at least if one is following the Weyl quantisation scheme—require
that the form of the time-dependent Schrödinger equation for the Hamiltonian (33) be (35). The
mathematical consistency of the two equivalent descriptions requires that the form of the time-
dependent Schrödinger equation for the same Hamiltonian be (40). The coefficients of the second
spatial derivative are the same. The coefficients of the first spatial derivative are equal if h =
kf ′−1/2, where k is an arbitrary constant. Equality of the coefficients of U itself imposes the
condition
f ′′ = 0, f (X) = AX + B, (41)
i.e., only a linear transformation is permitted.
2 One notes that this usage was not exclusive. Calogero also considered a parameter-dependent form of normal ordering
which reduces to the Weyl scheme for a particular value of the parameter. Both schemes lead to discrepancies in E0 for
the different equations describing the same physical problem in different coordinate systems.
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sation scheme happens to coincide with what mathematical logic dictates.
4. The explicit demonstration of consistency for the three c-isochronous simple harmonic
oscillators
The Schrödinger equation for (10) is the same under both schemes. Consequently the results
for u0 and E0 obtained in Section 2 for (10) are unchanged. In particular we recall that E0 = 12ω.
The Schrödinger equation corresponding to the Hamiltonian (11) obtained using our scheme
is
2ic
∂u
∂t
+ x ∂
2u
∂x2
+ ∂u
∂x
−
[
1
4
+ 3
8
1
x
+ 4c2x2ω2
]
u = 0 (42)
and has the nontrivial Lie point symmetries
Γ21 = i∂t ,
Γ22± = e±2iωt
(
∂t ± 2iωx∂x − i
(
4cω2x ± ω)u∂u),
Γ23± = e±iωt
(
4x1/2∂x −
(
x−1/2 ∓ 8cωx)u∂u). (43)
In a fashion similar to that used for obtaining the ground state solution of (13) we use Γ23+ for
which the two invariants are t and ux1/4 exp[2ωcx]. We posit a solution of the form
u = x−1/4e−2ωcxf (t) (44)
and substitute it into (42) to determine that f (t) = exp[− 12 iωt]. Hence the wave-function for the
ground state is
u0 = x−1/4 exp
[
−1
2
iω(it + 4ct)
]
. (45)
The eigenvalue of the operator Γ21 with u0 gives E0 = 12ω.
In the case of (12) its corresponding Schrödinger equation is
2ic
∂u
∂t
+ x3 ∂
2u
∂x2
+ 3x2 ∂u
∂x
−
[
−15
16
x + 4c2ω2 1
x
]
u = 0 (46)
and the equivalent set of symmetries is
Γ31 = i∂t ,
Γ32± = e±2iωt
(
∂t ∓ 2iωx∂x − i
(
4cω2
x
± 3
4
1
x
± 1
2
)
u∂u
)
,
Γ33± = e±iωt
(
x3/2∂x +
(
± 2cω
x1/2
− 3
4
x1/2
)
u∂u
)
. (47)
By a similar calculation we obtain the structure of the similarity solution to be
u = x−3/4e−2c/xf (t), (48)
where it so happens that the function f is the same as that given in (17). For the third time we
obtain that the ground state eigenvalue is E0 = 12ω.
When one uses the consistency of the algebraic properties of the differential equation, there
is consistency in the value of the ground-state eigenvalue and it is independent of the value of
the parameter c. This is in direct parallel to the situation when one is dealing with the Newtonian
equations of motion for these systems and not the Hamiltonian representation.
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We noted above that the Schrödinger equations arising from H1, H2 and H3, (10), (11) and
(12), under the Weyl quantisation procedure have differing numbers of Lie point symmetries
with five, three and three nontrivial symmetries, respectively. The nonlinear canonical transfor-
mations, (4) and (5), introduced by Calogero when translated into the equivalent Schrödinger
equations, preserved the sl(2,R) subalgebra, but lost the 2A1 subalgebra of the Schrödinger
equation (13) thereby indicating that the transformations from (13) to (42) and (46) must in
some way be nonlocal. One wonders if this is a general property of such canonical transforma-
tions or whether Calogero was particularly blessed by good fortune in his selection of nonlinear
canonical transformations. Suppose that we had two Hamiltonians,
Ha = 12p
2 and Hb = 12
P 2
f ′2(Q)
(49)
related by the nonlinear canonical transformation
q = f (Q), p = P
f ′(Q)
, (50)
where f (Q) must be strictly monotonically increasing. Then, when we use the Weyl quantisation
procedure of (34), the corresponding Schrödinger equations are
2i
∂u
∂t
+ ∂
2u
∂x2
= 0, (51)
2i
∂U
∂t
+ 1
f ′2(X)
∂2U
∂X2
− 2f
′′(X)
f ′2(X)
∂U
∂X
+ 1
2
(
−f
′′′(X)
f ′3(X)
+ 3f
′′2(X)
f ′4(X)
)
U = 0. (52)
The nontrivial Lie point symmetries of (51) are
Γ1 = i∂t , Γ2 = 2t∂t + x∂x, Γ3 = t2∂t + tx∂x − 12
(
t − ix2)u∂u,
Γ4 = ∂x, Γ5 = t∂x + ixu∂u (53)
with the algebra sl(2,R) ⊕ 2A1 (Γ4 and Γ5 constitute the 2A1 subalgebra3). In the case that
f (Q) = 2/(n − 2)Q−(n−2)/2 we find for n = 0,2 the three nontrivial Lie point symmetries of
(52) to be
Σ1 = i∂t , Σ2 = t∂t − 1
n − 2x∂x,
Σ3 = t2∂t − 2
n − 2 tx∂x +
[
t
n − 2 +
2i
(n − 2)2xn−2
]
u∂u (54)
and for n = 2 there are the five nontrivial Lie point symmetries
Λ1 = i∂t , Λ2 = t∂t + 12x logx∂x +
1
8
(it − 2 logx)u∂u,
Λ3 = t2∂t + tx logx∂x + 18
(
ix2 + 4i log2 x − 4t logx − 4t)u∂u,
Λ4 = x∂x + u∂u, Λ5 = tx∂x +
(
i logx − 1
2
t
)
u∂u. (55)
3 Note the difference with the structure of the symmetries of (13). This is the effect of the confining potential.
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Λ3, the Weyl quantisation procedure based on the nonlinear canonical transformation preserves
the sl(2,R) subalgebra of the Schrödinger equation (51) no matter the value4 of n. Only in the
case that n = 2 does the full algebraic structure, sl(2,R) ⊕ 2A1, of (51) be preserved in (52).
However, this does not mean that the Weyl quantisation procedure is identical with the procedure
advocated here based upon Lie point symmetries. The specific forms of the two Schrödinger
equations obtained by the different procedures are
2i
∂u
∂t
+ x2 ∂
2u
∂x2
+ 2x ∂u
∂x
+ 1
2
u = 0,
2i
∂u
∂t
+ x2 ∂
2u
∂x2
+ 2x ∂u
∂x
+ 3
4
u = 0 (56)
for the Weyl and Lie procedures, respectively. (We maintain the convention that the coefficient of
the first spatial derivative of u be the same under both procedures. In the case of the Lie scheme
this is not necessary. This means that the Lie procedure defines a whole family of transformed
equations for a single point transformation of the spatial variable. The value of E0 is the same
for all members of the family.)
6. Remarks and observations
In the problems which we have considered we have had the advantages of a succession of
canonical transformations from one system to the other which have been paralleled by the trans-
formation of a succession of simpler related problems. For the simpler problems the amount of
symmetry was sufficient for us to be quite precise as to the quantisation scheme in the case of
the more complicated kinetic energy terms of the classical Hamiltonians. This happy situation is
not universally available even in the case of the quantisation of a classical problem—much less
alone when one is dealing with a problem which does not have a classical analogue. Evidently
the work of Calogero has reminded us, not for the first time, that there is a need for the careful
re-examination of many procedures and concepts which have developed in the quantisation of
classical systems for this particular instance.
It may be argued, and we take no exception to the contrary opinion, that the procedure of
obtaining consistency advanced in this paper has absolutely nothing to do with Physics, in partic-
ular, quantum mechanics. We agree! One must consider the process of mathematical modelling
and its implications. One observes a ‘physical’ system5 and constructs a mathematical model
which for our purposes is a differential equation (or system) of some sorts. What we have ar-
gued is that the mathematical model must be mathematically consistent. In particular we have a
situation in which classically three Hamiltonians describe the same problem. The physical prob-
lem is unchanged and so one would expect to obtain the same answer no matter which of the
classical Hamiltonians were used. When one is considering the equivalent problem in the quan-
tum mechanics, one would expect a consistency of result. That this was not the case with the
4 The value n = 0 is not a case.
5 In fact one may be considering something in economics, medicine, biology, chemistry, physics or whatever. It makes
no great difference to our particular argument. By use of the word ‘physical’ we mean some actuality which can be
regarded as nonmathematical. The whole thrust of our argument is the comparison and distinction of the mathematical
and the nonmathematical.
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correctness of the quantisation procedure.
Ever since the connection between the classical Hamiltonian and the corresponding quantal
problem was recognised by Dirac the problem of the correct representation of the operators in
terms of differential operators has been a vexed question. We cannot claim to have resolved this
question here. We had the situation in which we knew three classical Hamiltonians and their
relationships in terms of canonical transformations. In the case of the ‘simplest’ Hamiltonian we
were quite confident of the structure of the corresponding Schrödinger equation. Consequently
we were also confident of the correct Lie algebraic properties of the problem. Supported by
this knowledge we could then infer that any other representation of the problem in terms of a
Schrödinger equation should possess the same Lie algebraic properties. This had the gratifying
result of an equivalence in terms of the ground-state energy eigenvalue, the absence of which had
been a matter of some wonderment and consequent concern to Calogero.
What is then to be done in the case of a problem which does not have a convenient canoni-
cal transformation to a simpler system? In the work reported here we saw that the consideration
of a simpler Hamiltonian system made it much easier to detect the proper way in which to ob-
tain the Schrödinger equations for the more complicated systems. We were led to this because
of our knowledge of the close relationship between the Ermakov–Pinney problem and the sim-
ple harmonic oscillator. What is going to happen when we do not have this close connection?
It is quite probable that we could demonstrate the inequivalence of the Schrödinger equations
of the two systems presented by Calogero to that of the Ermakov–Pinney problem under point
transformation. Consequently we could not regard the three Schrödinger equations of the quan-
tal picture as being equivalent to the three classical Hamiltonians which are demonstrably equal.
That is not going to be the case if we do not have any knowledge of equivalent systems. There
is one possibility, however, which could be explored to deal with such systems. We admit that
it is somewhat limited, but do suggest that it opens a somewhat wider vista—witness the pa-
pers of Calogero—than is currently available. In the case of a point transformation between the
classical Hamiltonians we recall that the relationship between the corresponding Schrödinger
equations is simply a geometric transformation [9] rather than an integral transform.6 This means
that the terms containing the momentum are not intermingled with other terms of the nature
of a potential. Consequently one could imagine looking for the correspondence between the
momentum-containing terms of the classical Hamiltonian and something akin to the kinetic en-
ergy of the free particle. This would give the maximal symmetry of the nontrivial algebra of Lie
point symmetries of the corresponding Schrödinger equation. The transformation from the oper-
ator for the free particle to that of the more complicated equation would preserve the maximal
number of Lie point symmetries as it did in our considerations of the Schrödinger equation for the
simple harmonic oscillator and its precise counterparts in the coordinates of the systems treated
by Calogero. The reason why we make this suggestion is that the full Schrödinger equation may
not be greatly endowed with Lie point symmetries and it seems to us that the maximum number
provides the clue to the correct quantisation.
6 In the case of a linear transformation there is an integral transform, something in the nature of the generalisation
of a Fourier transform. The situation is somewhat more complicated when the classical transformation is nonlinear and
nonpoint.
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